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Abstract
In this paper a notion of ω-regular space is raised, which is an extension of that of regular space, and several known results
concerning almost periodic points and minimal sets of maps are generalized from regular spaces to ω-regular spaces.
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1. Introduction
Denote by R, Z, Z+ and N the sets of real numbers, integers, nonnegative integers and positive integers, re-
spectively. For any topological space X, denote by C0(X) the set of all continuous maps of X into itself. For
any f ∈ C0(X), let f 0 = idX be the identity map of X, and let f i = ff i−1 be the composition of f and
f i−1 (i = 1,2,3, . . .). f n is called the nth iterate of f (n ∈ Z+).
The orbit of a point x ∈ X under f , denoted by O(x,f ), is the set {x,f (x), f 2(x), . . .}. A point x ∈ X is called
a recurrent point of f and O(x,f ) is called a recurrent orbit if for any neighborhood U of x and any N ∈ N there
exists an integer n > N such that f n(x) ∈ U . x ∈ X is called an almost periodic point of f and O(x,f ) is called an
almost periodic orbit if for any neighborhood U of x there exists N ∈ N such that {f n+i (x): i = 0,1, . . . ,N}∩U = ∅
for all n ∈ Z+.
A subset W of X is said to be invariant or f -invariant if f (W) ⊂ W , and W is called a minimal set of f if it is
nonempty, closed and f -invariant and if no proper subset of W has these three properties. It is easy to show that every
point in a minimal set is recurrent.
The following two theorems exhibit the close connection between almost periodic points and minimal sets.
Theorem A. Let X be a compact metric space, and f ∈ C0(X). Then the closure of every almost periodic orbit of f
is a minimal set.
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periodic points.
Theorems A and B are two well-known theorems in topological dynamical systems, which were first raised and
proved in 1912 by G.D. Birkhoff and are also discussed in Birkhoff [1]. Many works of dynamical systems introduce
and apply these two theorems, for example, see [2,8] and [9].
The condition in Theorems A and B that X is a compact metric space can be weakened. Gottschalk [4] proved
that Theorem A holds for X being a metric space and Theorem B holds for X being a locally compact metric space.
Gottschalk [5] further proved that Theorem A holds for X being a regular space, and it follows from Theorem 2 in [5]
that Theorem B also holds for X being a locally compact regular space.
In this paper we raise a notion of ω-regular space, which is an extension of that of regular space. We will generalize
the results of Gottschalk [5] mentioned above from regular spaces to ω-regular spaces. Our main aim is, by means of
such a generalization, to find some more essential connections between almost periodic points and minimal sets.
2. Closures of almost periodic orbits in ω-regular spaces
According to [6], a topological space X is said to be regular if for any closed set W ⊂ X and any point x ∈ X −W
there exist disjoint open sets U and V such that x ∈ U and W ⊂ V , and a regular T1-space is called a T3-space. There
are also some works such as [3] and [7] in which a regular space means a T3-space. However, regular spaces in [5]
can adopt the definition in [6].
We now raise a notion of ω-regular space.
Definition 2.1. A topological space X is called an ω-regular space if for any closed set W ⊂ X, any point x ∈ X −W
and any countable set A ⊂ W , there exist disjoint open sets U and V such that x ∈ U and A ⊂ V .
It follows from the definition that all regular spaces are ω-regular. Conversely, from the following example we see
that an ω-regular space may not be regular. Thus the notion of ω-regular space is more extensive than that of regular
space.
Example 2.2. Let X = R2 ∪{∞}, where ∞ is the infinite point. Let T 0 be the usual topology on R. Define a topology
T on X to be
T = {U ⊂ X: for any s ∈ R, there exists an open set Us ∈ T0 such thatU ∩
({s} × R)= {s} × Us, and
if ∞ ∈ U then the set {s ∈ R: the Lebesgue measure of R −Us is greater than 0} is countable
}
.
It is easy to verify that (X,T ) is an ω-regular space. But (X,T ) is not a regular space since there exist no disjoint
open sets U and V such that the infinite point ∞ ∈ U and the closed set R × {0} ⊂ V .
The following theorem is a generalization of Theorem A and of the corresponding result in [5].
Theorem 2.3. Let X be an ω-regular space, and f ∈ C0(X). Then the closure of every almost periodic orbit of f is
a minimal set.
Proof. Assume that x is an almost periodic point of f . If O(x,f ) is not a minimal set, then there is a point y ∈
O(x,f ) such that x /∈ O(y,f ). Because X is ω-regular, there exist disjoint open sets U and V such that x ∈ U and
O(y,f ) ⊂ V . Since x is almost periodic, there exists N ∈ N satisfying
{
f n+i (x): i = 0,1, . . . ,N}∩ U = ∅, for all n ∈ Z+. (2.1)
Let W =⋂Ni=0 f−i (V ). Then W is an open set containing y. Since y ∈ O(x,f ), there exists an n ∈ N such that
f n(x) ∈ W , which implies that
f n+i (x) ∈ f i(W) ⊂ V ⊂ X −U for i = 0,1, . . . ,N.
But this contradicts (2.1). Thus O(x,f ) must be a minimal set. 
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not be a minimal set.
Example 2.4. Let S1 be the unit circle in the complex plane C, let θ ∈ [0,1] be an irrational number, and let hθ :S1 →
S1 be a rotation defined by hθ (e2π it ) = e2π i(t+θ) for any e2π it ∈ S1. Let X = S1 × {0,1}. For any x = eit ∈ S1 and
ε ∈ (0,1], write U(x, ε) = {ei(t+s): |s| < ε}, U0(x, ε) = U(x, ε)× {0}, and
U1(x, ε) =
{
(x,1)
}∪U0(x, ε)−
{
(x,0)
}
.
Let the topology T on X be generated by the basis
B = {U0(x, ε), U1(x, ε): x ∈ S1, and ε ∈ (0,1]
}
.
Then X is a T1-space but not a T2-space. Define f :X → X by f ((x, i)) = (hθ (x), i), for all x ∈ S1 and i ∈ {0,1}.
Then f is a continuous map, and each point (x,0) in S1 ×{0} is an almost periodic point of f with O((x,0), f ) = X.
For any point (y,1) in S1 × {1}, we have O((y,1), f ) = O((y,1), f ). Thus O((y,1), f ) is an invariant closed set
of f which contains only countably many points, and hence, the closure X = O((x,0), f ) of the almost periodic orbit
O((x,0), f ) is not a minimal set of f .
There remains an unsolved problem.
Problem 2.5. Can the condition in Theorem 2.3 that X is an ω-regular space be replaced by that X is a T2-space? In
other words, need the closure of an almost periodic orbit in a T2-space be a minimal set?
3. Minimal sets in locally compact topological spaces
In Theorem 2 of [5], Gottschalk proved that if a locally compact regular space X can be decomposed into the union
of minimal sets of some f ∈ C0(X), then all points in X are almost periodic points of f and each minimal set of
f is compact. From the first conclusion of Theorem 2 in [5] it is easy to derive the following theorem, which is a
generalization of the above Theorem B.
Theorem C. Let X be a locally compact regular space, and f ∈ C0(X). Then all points in any minimal set of f are
almost periodic points.
We now give a generalization of Theorem C from locally compact regular spaces to locally compact topological
spaces, and give a proof which is more succinct than that of Theorem 2 in [5].
Theorem 3.1. Let X be a locally compact topological space, and f ∈ C0(X). Then all points in any minimal set of f
are almost periodic points.
Proof. Let W be a minimal set of f , and x ∈ W . Then x is a recurrent point. Let U0 be a compact neighborhood
of x. If x is not an almost periodic point of f , then there exist an open neighborhood U of x and positive integers
n1 < n2 < n3 < · · · such that f nk (x) ∈ U ⊂ U0 and
{
f nk+m(x): m = 1, . . . , k}∩U = ∅ for all k ∈ N. (3.1)
Write yk = f nk (x). It follows from (3.1) that {y1, y2, . . .} is an infinite set in U . Since U0 is compact, there exists
y ∈ U0 such that any neighborhood V of y contains infinitely many points in {y1, y2, . . .}. Since the minimal set W
is closed, we have y ∈ W and x ∈ O(y,f ) = W . Thus there exist an m ∈ N and a neighborhood V of y such that
f m(y) ∈ fm(V ) ⊂ U . Take k > m such that yk ∈ V . Then f nk+m(x) = f m(yk) ∈ f m(V ) ⊂ U . But this contradicts
(3.1). Thus x must be an almost periodic point of f . 
Theorem 3.1 cannot be extended to general topological spaces even to general (nonlocally compact) metric spaces.
For instance, we have the following simple example.
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AP(ϕ), the set of all recurrent but not almost periodic points of ϕ, is uncountable (note that almost periodic points in
[2] are called strongly recurrent points). Take a point x ∈ R(ϕ) − AP(ϕ), and let X = O(x,ϕ), f = ϕ|X. Then X is
a minimal set of f but no point in X is almost periodic.
The space X in Example 3.2 is a metric space but neither connected nor complete. We now give again a relatively
complex example to exhibit that, even X is a connected complete metric space, minimal sets in X may contain no
almost periodic points.
Example 3.3. Let X = {(z1, z2, . . .): zn ∈ C for all n ∈ N, and ∑∞n=1 |zn|2 < ∞}. Define a metric d on X by
d(w1,w2) = (∑∞n=1 |z2n − z1n|2)1/2 for any w1 = (z11, z12, . . .) and w2 = (z21, z22, . . .) ∈ X. Then X is a path con-
nected and locally path connected complete metric space. For each n ∈ N, define a map fn :C → C by, for any z ∈ C,
fn(z) = e2π i/n!(z + 1) − 1. Then fn is a rotation of the complex plane C through 2π/n! radians around the point
−1 ∈ C, and fn is a periodic homeomorphism of period n!. Define a map f :X → X by
f (w) = (f1(z1), f2(z2), . . .
)
, for any w = (z1, z2, . . .) ∈ X. (3.2)
Since all fn are isometric homeomorphisms of C, by the definition of f we have
Property 1. f is an isometric homeomorphism of X.
Consider any w = (z1, z2, . . .) ∈ X. Let M = sup{|zn + 1|: n ∈ N}. Then M < ∞. For any ε > 0, take an integer
N > 2πeM/ε. Then f N !n (zn) = zn for nN and |f N !n (zn) − zn| = |(e2π iN !/n! − 1)(zn + 1)| < 2πM/(N · (n − N)!)
for n >N . Thus
d
(
f N !(w),w
)
<
∞∑
n=N+1
2πM/
(
N · (n −N)!)< 2πeM/N < ε,
and hence, we have
Property 2. Any point w ∈ X is a recurrent point of f .
For any w = (z1, z2, . . .) ∈ X and any N ∈ N, take k ∈ 4N (≡ {4n: n ∈ N}) such that k! > 2N and |zn| < 1/2 for
n  k. Put m = k!/4. Then, for p = 0,1, . . . ,N , we have 1/4 = m/k!  (m + p)/k!  (m + N)/k! < 3/4, which
implies d(f m+p(w),w) |f m+pk (zk)− zk| = |(e2π i(m+p)/k! − 1)(zk + 1)| > |(eπ i/2 − 1)/2| > 1/2. Hence we have
Property 3. No point w ∈ X is an almost periodic point of f .
It is easy to show that the closure of every recurrent orbit of any isometric self-map ψ of a metric space is a minimal
set of ψ . Hence, by Properties 1, 2 and 3 we get
Proposition 3.4. The map f from the path connected and locally path connected complete metric space X to itself
defined by (3.2) is a pointwise recurrent isometric homeomorphism, the closure of any orbit of f is a minimal set, but
no point in X is an almost periodic point of f .
From Theorem 3.1 and Proposition 3.4 we see that, in order to ensure that all minimal sets of any continuous
self-map of a space contain only almost periodic points, it is sufficient that the space has the local compactness,
and otherwise it may not be sufficient even if the space has many other nice properties such as connectivity and
completeness.
We have pointed out that not all points of minimal sets in nonlocally compact metric spaces are almost periodic.
However, the following theorem shows that all points of some special minimal sets in arbitrary topological spaces are
almost periodic.
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W is a finite set. Then all points in W are almost periodic points of f .
Proof. Consider any point x ∈ W . For i ∈ Z+, write xi = f i(x). Since O(x,f ) is a finite set, there exist integers
n > k  0 such that x0, x1, . . . , xn−1 are mutually different points, and xn = xk . Let U be any neighborhood of x.
Since x is recurrent, there exists m k such that xm ∈ U , which implies that xm+i(n−k) = xm ∈ U , for all i ∈ N. Thus
x is an almost periodic point of f . 
From Theorem 3.5 we obtain
Corollary 3.6. Let X be a topological space, f ∈ C0(X), and W is a finite minimal set of f . Then all points in W are
almost periodic points of f .
Remark 3.7. It is easy to show that if X is a T1-space then any finite minimal set of f ∈ C0(X) is a periodic
orbit. However, if X is not a T1-space, then some finite minimal sets of f ∈ C0(X) may contain nonperiodic almost
periodic points. For example, let X = {1,2, . . . ,2n} with n ∈ N, and let the topology T on X be generated by the
basis B = {{n + i}, {i, n + i}: i = 1, . . . , n}. Then X is a T0-space but not a T1-space. Define a map f :X → X by
f (i) = i + 1 for i = 1,2, . . . ,2n− 1, and f (2n) = n+ 1. Then f is continuous and X is the unique minimal set of f ,
but the points 1, . . . , n in X are not periodic.
We now study the compactness of minimal sets. By the second conclusion of Theorem 2 in [5] it is easy to derive
Theorem D. Let X be a locally compact regular space, and f ∈ C0(X). Then each minimal set of f is compact.
The statement in the end of the proof of Theorem 2 in [5] seems to be rather cursory. We now give a slight
generalization of Theorem D, with a brief and clear proof.
Theorem 3.8. Let X be a locally compact topological space which is either Hausdorff or regular, and f ∈ C0(X).
Then each minimal set of f is compact.
Proof. Let W be a minimal set of f , x ∈ W , and let U be a compact neighborhood of x. By Theorem 3.1, x is almost
periodic. Thus there exists N ∈ N such that
{
f n+i (x): i = 0,1, . . . ,N}∩ U = ∅, for all n ∈ Z+. (3.3)
Let V =⋃Ni=0 f i(U). Then V is compact. It follows from (3.3) that O(x,f ) ⊂ V . By Theorem 5.17 of [6], any point
v ∈ X has a compact closed neighborhood Uv . Take a finite subcover {Uv1, . . . ,Uvm} from the cover {Uv: v ∈ V } of
V and let Y =⋃mi=1 Uvi . Then Y is a compact closed set and O(x,f ) ⊂ V ⊂ Y, which implies W = O(x,f ) ⊂ Y.
Hence, as a closed subset of the compact set Y , W is compact. 
In the above we have extended Theorem C to general locally compact topological spaces and obtained Theorem 3.1.
However, we cannot extend Theorem D or Theorem 3.8 to general locally compact topological spaces.
Example 3.9. Let S1 be the unit circle in the complex plane C, v0 = 0 be the origin of C, Y be an infinite subset of
S1, and let X = Y ∪ {v0}. Let the topology T on X be generated by the basis B = {{v0}, {v0, y}: y ∈ Y }. Then X is
a locally compact T0-space but not a T1-space. Define a continuous map f :X → X by f (X) = {v0}. Then X is the
unique minimal set of f but X is not compact.
Between Theorem 3.8 and Example 3.9, we have the following unsolved problem.
Problem 3.10. Let X be a locally compact T1-space. Is each minimal set of any f ∈ C0(X) compact?
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From Theorems A and B we get the following theorem immediately.
Theorem E. Let X be a compact metric space, and f ∈ C0(X). Then all points in the closure of any almost periodic
orbit of f are almost periodic.
By Theorems 2.3 and 3.1 we obtain the following theorem, which is a generalization of Theorem E.
Theorem F. Let X be a locally compact ω-regular space, and f ∈ C0(X). Then all points in the closure of any almost
periodic orbit of f are almost periodic.
The condition of local compactness of X in Theorem F can be removed, but we need to give a proof independent
of Theorem 3.1.
Theorem 4.1. Let X be an ω-regular space, and f ∈ C0(X). Then all points in the closure of any almost periodic
orbit of f are almost periodic.
Proof. Let x be an almost periodic point of f , let y ∈ O(x,f ), and let V be an open neighborhood of y. Then there
is a j ∈ N and an open neighborhood U of x such that f j (x) ∈ f j (U) ⊂ V .
Claim 1. There exists N ∈ N such that
{
f n+i (y): i = 0,1, . . . ,N}∩ U = ∅ for any n ∈ Z+.
In fact, if Claim 1 is not true, then there exist integers 0 < n1 < n2 < · · · such that{
f nk+i (y): i = 0,1, . . . , k}∩ U = ∅ for all k ∈ N.
Let Y =⋃∞k=1{f nk+i (y): i = 0,1, . . . , k}. Then Y is a countable set in X − U . Since X is ω-regular and X − U is
closed, there exist disjoint open sets U1 and V1 in X such that x ∈ U1 ⊂ U and Y ⊂ V1. Since x is an almost periodic
point, there exists an m ∈ N such that
{
f λ+i (x): i = 0,1, . . . ,m}∩U1 = ∅, for all λ ∈ Z+. (4.1)
Let ym = f nm(y). Then {ym,f (ym), . . . , f m(ym)} ⊂ Y ⊂ V1. Let V2 =⋂mi=0 f−i (V1). Then V2 is an open set con-
taining ym. Since ym ∈ O(y,f ) ⊂ O(x,f ), there is a λ ∈ N such that f λ(x) ∈ V2, which implies {f λ+i (x): i = 0,1,
. . . ,m} ⊂⋃mi=0 f i(V2) ⊂ V1, and hence, we have {f λ+i (x): i = 0,1, . . . ,m} ∩ U1 = ∅. But this contradicts (4.1).
Thus Claim 1 must be true.
It follows from Claim 1 that {f n+i (y): i = 0,1, . . . ,N + j} ∩ V = ∅, for any n ∈ Z+. Hence, y is an almost
periodic point of f . Theorem 4.1 is proven. 
Remark 4.2. The condition in Theorem 4.1 that X is an ω-regular space cannot be replaced by that X is a T1-space.
For instance, let the T1-space X = S1 × {0,1} and the map f ∈ C0(X) be as in Example 2.4. Then every point
x ∈ S1 × {0} is an almost periodic point of f , but no point y ∈ S1 × {1} ⊂ O(x,f ) is almost periodic.
However, if we consider only almost periodic orbits themselves, then we have
Proposition 4.3. Let X be a topological space, and f ∈ C0(X). Then all points in any almost periodic orbit of f are
almost periodic.
The proof of Proposition 4.3 is easy and is omitted.
Similar to Problem 2.5, there also remains an unsolved problem.
Problem 4.4. Can the condition in Theorem 4.1 that X is an ω-regular space be replaced by that X is a T2-space? In
other words, does the closure of any almost periodic orbit in a T2-space contain only almost periodic points?
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